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Abstract—This work provides physical insight into common
statistical models for DC dielectric breakdown field strengths.
Voltage step-up tests were performed on low density polyethylene
films. The merits of generalizations to widely-used empirical
Weibull models are discussed. The cumulative probability
distributions of the breakdown fields were fit to standard two- and
three-parameter Weibull distributions. Mixed two-parameter
Weibull distributions, sometimes used in the literature to model
multiple breakdown modes, were found to yield the best fits to the
data. In addition, the same data were fit to a physically-motivated
dual-defect mean field model incorporating both low- and highenergy defect modes with different defect densities; this produced
a much better fit than single-defect mean field models. Values
obtained for the mean defect energies and densities were within
the ranges expected from independent determinations of these
intrinsic materials properties. By incorporating these physicsbased concepts into traditionally empirical models, their accuracy
and utility can be extended. The mixed Weibull distribution and
the dual-defect model predicted very similar cumulative
distributions of LDPE breakdown data, suggesting that mixed
Weibull distributions may reflect similar multiple defect modes
used in dual-defect models. Theories of DC breakdown, based on
distributions of microscopic defects in disordered insulating
materials may provide improved guidance in understanding the
physical origins of empirical parameters used in statistical
methods to characterize breakdown properties.
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II. WEIBULL STATISTICS
Weibull functions are often used to describe the probability
of dielectric failure due to increasing stress factors. In this study,
it models the increasing probability of failure due to ESD with
increasing applied field. As with other probability distributions,
such as Gaussians, Weibull distributions are characterized by a
centroid and a width parameter. In this section, the empirical
cumulative distribution (ECD) of breakdown data is fit to two-,
three-, and five-parameter Weibull functions, using methods
similar to prior studies [2, 7, 8]. The data set fit illustrated here
is comprised of 88 voltage step-up to breakdown tests on lowdensity polyethylene (LDPE); as described in greater detail in
[6, 9].
A. Two-Parameter Weibull
The simplest Weibull function of field 𝐹𝐹 has only two
parameters, 𝐹𝐹0 , the field corresponding to a 63.2% probability
of breakdown, and a width parameter, 𝛽𝛽:
𝐹𝐹 𝛽𝛽

𝑃𝑃(𝐹𝐹) = 1 − exp �− � � �.
𝐹𝐹0

(1)

It is straightforward to linearize this function with the
transformation [7]
𝑥𝑥 = log(𝐹𝐹) and 𝑦𝑦 = log �ln �

polymers;

1

1−𝑃𝑃

��.

(2)

One then transforms the ECD of a data set in the same way, and,
by fitting it to a line, the Weibull parameters can be extracted.
The transformed data and corresponding fit are shown in Fig. 1.
Fig. 1 (a) is a linear fit to all the data, while Fig. 2 (b) is a linear
fit to the data, excluding data below a field of 200 MV/m. Upon
linearization, it appears that the first seven low-probability
events at low fields do not follow the same trend as the rest of
the data. The bands around the data indicate the ECD of the
transformation evaluated at plus and minus the average of the
standard deviations of the data. This is clearly an overestimation
of the uncertainty; however, it demonstrates that the ECD is well
defined.

I. INTRODUCTION
The stochastic nature of electrostatic breakdown in highly
disordered insulating materials (HDIM) continues to present a
challenge in both theory and application [1]. Traditionally, the
statistical Weibull distribution and its variants have been used to
describe both the centroid and the width of the measured
distribution of breakdown electrostatic field strength [2].
Although such distributions provide reasonable empirical fits,
there is debate as to how—or even if—fitting parameters of the
Weibull distributions correspond to physical properties of a test
material [3]. While simple approximations have led to basic
physical models of electrostatic discharge (ESD) [4-6],
empirical models are necessitated by the difficulty in reliable
physical descriptions of breakdown processes in HDIM. This
paper describes how insights from simple physical models can
be extended to explain some characteristics of the empirical fits.

It is apparent that only considering points above the
minimum field threshold results in a better fit to the twoparameter Weibull model. This could be the result of extrinsic
imperfections in some samples or tests (e.g., sample damage or
impurities or contamination) resulting in a breakdown at an
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effectively reduces the three-parameter Weibull distribution (3)
to the two-parameter Weibull distribution (1).

(a)

C. Mixed Weibull Funtions
Another common fitting method is to mix two or more
Weibull distributions as a way to model multiple breakdown
modes [2, 8]. Though this will lead to better fits, it is at the
expense of an expanded parameter set. A recent study of a
bimodal breakdown distribution in a LDPE nanodielectric
composite material was fit to a two-parameter Weibull
distribution [13].
In general, any number, 𝑆𝑆, of probability distributions can be
mixed where the total probability function is
𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 (𝐹𝐹) = ∑𝑆𝑆𝑖𝑖=1

where normalization requires

𝑁𝑁𝑖𝑖
𝑁𝑁

𝑃𝑃𝑖𝑖 (𝐹𝐹)

(5)

!
1 .
=
For the case of 𝑆𝑆 = 2, (5) simplifies to
∑𝑆𝑆𝑖𝑖=1

(b)

𝑁𝑁𝑖𝑖

(6)

𝑁𝑁

𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 (𝐹𝐹) = 𝑝𝑝𝑃𝑃1 (𝐹𝐹) + (1 − 𝑝𝑝)𝑃𝑃2 (𝐹𝐹) ,

(7)

where 0 ≤ 𝑝𝑝 ≤ 1 satisfies (6). The mixture of two 2-parameter
Weibull functions is therefore
𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 (𝐹𝐹) = 𝑝𝑝 �1 − exp �− �

𝐹𝐹

𝐹𝐹01

𝛽𝛽1

� ��

+(1 − 𝑝𝑝) �1 − exp �− �

𝐹𝐹

𝐹𝐹02

There is no clear way to linearize (8), which is to be
expected. If this is to be a better fit to the data, we would expect
to see a mixture of two lines in the coordinate system used in
Fig. 1. Again, the most straightforward method is to fit the data
to the function in question, then transform it via (2) in order to

unusually low field. Alternatively, it might also be an indication
in shortcomings in the model, as discussed below.
B. Three-Parameter Weibull
Equation (1) assumes that the probability of breakdown
reaches zero as the field goes to zero. There are indications that
there is a non-zero threshold field for breakdowns [3, 6, 7, 9, 10].
Such a threshold is incorporated in dynamic breakdown models
[6, 11, 12]. Incorporating a threshold field into a Weibull
distribution (1) requires a third parameter, 𝐹𝐹𝑠𝑠 , and yields [7]
𝐹𝐹−𝐹𝐹𝑠𝑠 𝛽𝛽

𝐹𝐹0 −𝐹𝐹𝑠𝑠

� �.

(8)

Here, p represents the fractional weight of the first twoparameter Weibull distribution, 𝐹𝐹01 and 𝐹𝐹02 are their distribution
centroids, and 𝛽𝛽1 and 𝛽𝛽2 are the corresponding width
parameters.

Fig. 1. The empirical cumulative distribution of breakdown data in LDPE
transformed using (2). (a) Linear fit to all data. (b) Linear only to data above a
minimum field, 200 MV/m, as indicated by the vertical dashed line. Bands
(dashed green lines) around the data indicate ± the average of the standard
deviations.

𝑃𝑃(𝐹𝐹) = 1 − exp �− �

𝛽𝛽2

� ��

(3)

One can construct a transformation of (3) into a linear form
similar to (2), namely [7]
𝑥𝑥 = log(𝐹𝐹 − 𝐹𝐹𝑠𝑠 ) and 𝑦𝑦 = log �ln �

1

1−𝑃𝑃

��.

(4)

Eq. (4) is not a unique transformation due to the reduction from
three parameters to two in a linear transformation. One can
iteratively optimize such a fit or, as done here, fit the
untransformed data to (3) prior to transforming it. For our data
set, the best fit was achieved with 𝐹𝐹𝑠𝑠 = 0 ±90 MV/m. This
Anderson and Dennison

Fig. 2. The transformed mixed Weibull fit to the empirical cumulative
distribution of breakdown data in LDPE for all points above the minimum field.
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A. Single-Defect Model
The simplest model of charge motion between defect states
is the mean field theory, or frequently used Crine model [5]. This
model assumes a single defect energy,∆𝐺𝐺𝑑𝑑𝑑𝑑𝑑𝑑 , with the defects
spaced periodically with density 𝑁𝑁𝑑𝑑𝑑𝑑𝑑𝑑 . Although this is
obviously the incorrect picture for HDIM, it is the starting point
for creating an approximate physical model. One can write the
probability of one defect per activation volume as a function of
field F at temperature T over elapsed time t as [6]

(a)

𝑃𝑃𝑑𝑑𝑑𝑑𝑑𝑑 (𝐹𝐹, 𝑇𝑇, ∆𝑡𝑡) = �

2𝑘𝑘𝐵𝐵 𝑇𝑇
ℎ/∆𝑡𝑡

−∆𝐺𝐺𝑑𝑑𝑑𝑑𝑑𝑑

� exp �

𝑘𝑘𝐵𝐵 𝑇𝑇

� sinh �

𝜀𝜀0 𝜀𝜀𝑟𝑟 𝐹𝐹2

2𝑘𝑘𝐵𝐵 𝑇𝑇𝑁𝑁𝑑𝑑𝑑𝑑𝑑𝑑

�.

(9)

The probability of a material surviving our step-up test is [6]
𝑑𝑑𝑑𝑑𝑑𝑑

𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �
𝑁𝑁

𝑗𝑗∆𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝐷𝐷

, 𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , 𝑇𝑇, ∆𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 � =

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
∏𝑗𝑗=1
�1 − 𝑃𝑃𝑑𝑑𝑑𝑑𝑑𝑑 �

𝑗𝑗∆𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝐷𝐷

, 𝑇𝑇, ∆𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ��.

(10)

The probability of breakdown for a step-up test is then

(b)

𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑

𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 1 − 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 .

(11)

The defect energy and density become the physically-motivated
fitting parameters.
We were unable to find an acceptable fit to the entire LDPE
data set with a single-defect model. The complicated nature of
(11) precludes the use of generic fitting routines. However, an
iterative manual approach quickly confirmed that, although (11)
has the same general shape as the data and a Weibull
distribution, the data do not fit well with physically reasonable
values of the defect parameters. Separate fits to only low- and
high-field data are somewhat more successful, as shown by the
dashed red lines in of Fig. 3.
B. Dual-Defect Model
To obtain a better fit, (9) has been extended to model two
defect species, termed LO and HI, each with corresponding
mean energies and densities [6]. The four-parameter dual-defect
model is a simple sum of probabilities for each defect mode
modeled by (9), namely

Fig. 3. A dual-defect model fit using (12-13) to the empirical cumulative
distribution of breakdown data of LDPE. The contributions of the low-energy
LO type and the high-energy HI type defects are shown individually by the
dashed red curves. The black and green curves show the mixed Weibull fit and
estimated uncertainties from Fig. 2 for comparison. (a) Untransformed axis. (b)
Axis transformed by Eq. (2).

𝑇𝑇𝑇𝑇𝑇𝑇
(𝐹𝐹, 𝑇𝑇, ∆𝑡𝑡)
𝑃𝑃𝑑𝑑𝑑𝑑𝑑𝑑

compare it to Fig. 1. This is shown in Fig. 2. Fitting, using the
first 7 points or neglecting them, does not have a large impact
since in each case the fits both miss these points and follow
closely the remaining 81 points. Again, this could be either a
shortfall of the model or indicative of sample impurities. In any
case, it is clear that (8) is a better fit than (1).

=�

ℎ/∆𝑡𝑡

𝑖𝑖
−∆𝐺𝐺𝑑𝑑𝑑𝑑𝑑𝑑

� ∑𝑖𝑖=𝐿𝐿𝐿𝐿,𝐻𝐻𝐻𝐻 exp �

𝑘𝑘𝐵𝐵 𝑇𝑇

� sinh �

𝜀𝜀0 𝜀𝜀𝑟𝑟 𝐹𝐹2

�.

(12)

, 𝑇𝑇, ∆𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ��.

(13)

𝑖𝑖
2𝑘𝑘𝐵𝐵 𝑇𝑇𝑁𝑁𝑑𝑑𝑒𝑒𝑒𝑒

Following the same logic in (10) and (11) with (12) substituted
for (9) yields the dual-defect model of the step-up test [6].
𝑇𝑇𝑇𝑇𝑇𝑇
𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
�

III. DEFECT DRIVEN MODEL
Although, as shown here, mixed Weibull functions can
provide a better fit to some data, it is difficult to infer any
physical significance. It is plausible that the better fit is the result
of simply adding more fitting parameter or perhaps there are
indeed two breakdown modes or mechanisms requiring a
mixture of two distributions. In either case there is not a
straightforward way to extract intrinsic parameters of physical
interest from the empirical fit [3]. We therefore turn to a simple,
approximate model that incorporates physical parameters from
the beginning.
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2𝑘𝑘𝐵𝐵 𝑇𝑇

𝑗𝑗∆𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝐷𝐷

𝑁𝑁

, 𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , 𝑇𝑇, ∆𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 � =

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑇𝑇𝑇𝑇𝑇𝑇
1 − ∏𝑗𝑗=1
�1 − 𝑃𝑃𝑑𝑑𝑑𝑑𝑑𝑑
�

𝑗𝑗∆𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝐷𝐷

LO type defects may correspond to lower-energy physical
defects, such as polymer chain kinks or Kuhn pairs [6, 14, 15].
If ∆𝐺𝐺𝐿𝐿𝐿𝐿 is not much larger than 𝑘𝑘𝐵𝐵 𝑇𝑇, then there is significant
probability that these defects can be thermally annealed and can,
therefore, be self-healing (although this is not yet incorporated
into the model) [6]. HI type defects might correspond to higherenergy chemical defects, such as bond breaking [6]. Then
∆𝐺𝐺𝐻𝐻𝐻𝐻 ≫ 𝑘𝑘𝐵𝐵 𝑇𝑇, and there would be no appreciable probability of
3
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breakdown models [11, 12], including threshold field values
below which breakdown never occurs. Such thresholds might
result from an equilibrium between low-energy defect creation
and thermal annealing of these defects [5]. This may also
facilitate clearer interpretation of the three-parameter Weibull
parameter Fs in terms of the threshold field [9].

recovery [6]. Realistically, we expect the defect energies must
fall somewhere between 𝑘𝑘𝐵𝐵 𝑇𝑇 as a lower bound (~0.03 eV) and
the dissociation energy of the strong C-C bonds in a polymer
(~3.65 eV) as an upper bound [6, 16]. Estimations of bond
densities span orders of magnitude, but reasonable estimations
of broken bond densities in LDPE are ~1018 bonds/cm3 and total
available bonds are ≳1022 bonds/cm3 [6].
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